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• III. Tachistochrones in PT −symmetric LRC circuits

with Hamid Ramezani, Joseph Schindler, Fred M. Ellis, Tsampikos Kottos



I. Naimark-dilated unambiguous PT -symmetric
quantum state discrimination



State discrimination

• textbook knowledge in quantum computation

• first investigations:

– I.D. Ivanovic, “How to discriminate between non-orthogonal states”,
PLA 123 (1987) 257-259.

– D. Dieks, “Overlap and distinguishability of quantum states”,
PLA 126 (1988) 303-306.

– A. Peres, “How to differentiate between non-orthogonal states”,
PLA 128 (1988) 19.

– G. Jaeger and A. Shimony, “Optimal distinction between two non-
orthogonal quantum states”, PLA 197 (1995) 83-87.



• given two non-orthogonal states: |p⟩, |q⟩ ∈ H ∼= C2

⟨p|q⟩ = cos(ε) ̸= 0

• probabilistic analysis

• system prepared 50% in |p⟩ and 50% in |q⟩

• question: In which state is the system?



• answer via Hilbert space extension trick H ↪→ Ha ×H:

• composite system with ancilla state |s0⟩ ∈ Ha
∼= C2

• embedding + interaction (unitary rotation):

|s0 p⟩ −→ α|s1 p1⟩+ β|s2 p2⟩
|s0 q⟩ −→ γ|s1 q1⟩+ δ|s2 q2⟩

orthogonality conditions: ⟨p1|q1⟩ = 0, ⟨s1|s2⟩ = 0

• |s1⟩ — successful measurement (discrimination with certainty)

• |s2⟩ — discrimination is impossible

• optimal state discrimination: |p2⟩ = eiα|q2⟩

• maximal probability of successful discrimination: 1− |⟨p|q⟩|



Modified state discrimination and PT brachistochrone

• given 2 entangled states in C4

|Φ1⟩ =
|e+⟩ ⊗ |ψ1⟩+ |e−⟩ ⊗ |χ⟩√

1 + b2
=

1√
1 + b2

(
|ψ1⟩
|χ⟩

)
|Φ2⟩ =

|e+⟩ ⊗ |ψ2⟩+ |e−⟩ ⊗ |χ⟩√
1 + b2

=
1√

1 + b2

(
|ψ2⟩
|χ⟩

)

• in general ⟨ψ1|ψ2⟩ ̸= 0

• |χ⟩ additive ancilla

• problem: discrimination of |ψ1⟩, |ψ2⟩ in projection subspace C2

• related to discrimination problem in C4

• crucial: −1 ≤ ⟨ψ1|ψ2⟩ ≤ 0

• coincidence limit ⟨ψ1|ψ2⟩ = −1 −→ ⟨Φ1|Φ2⟩ ̸= 1



• quantum state discrimination via Naimark dilated PT −brachistochrone:

|Φ(t)⟩ = U(t)|Φ(0)⟩ = e−iHt

(
|ψ(0)⟩
|χ(0)⟩

)
=

(
|ψ(t)⟩
|χ(t)⟩

)

exactly reproduces the nonunitary evolution in C2:

e−iHt

(
|ψ(0)⟩
|χ(0)⟩

)
=

(
e−iHt|ψ(0)⟩

|χ(t)⟩

)

• unambiguous state discrimination when ⟨ψ1(t)|ψ2(t)⟩ = 0



total success probability to discriminate |⟨ψ1|ψ2⟩| = cos(ε)

• red — Helstrom bound from a minimal-error scheme

• blue — bound from multiplicative ancilla scheme (standard unambiguous
quantum state discrimination scheme)

• black — additive ancilla scheme (present technique)
= Naimark-dilated unambiguous PT -symmetric quantum state discrimi-
nation



II. Nonlinear PT -symmetric plaquettes

J. Phys. A: Math. Theor. (2012), to appear; arXiv:1204.5530



Setup
coupled waveguides arranged as 2D plaquettes (oligomers)

A(0) B(+iγ)

C(0)D(−iγ)

(a) mode 0+0-

A(+iγ) B(−iγ)

C(+iγ)D(−iγ)

(b) mode +-+-

A(+iγ) B(+iγ)

C(−iγ)D(−iγ)

(c) mode ++- -

E(+iγ)

D(−iγ)B(+iγ)

A(−iγ)

C(0)

(d) mode +-0+-



• typical equation system (plaquette (a))

iu̇A = −k(uB + uD)− |uA|2uA
iu̇B = −k(uA + uC)− |uB|2uB + iγuB

iu̇C = −k(uB + uD)− |uC|2uC
iu̇D = −k(uA + uC)− |uD|2uD − iγuD

A(0) B(+iγ)

C(0)D(−iγ)



• general setup iu̇ = HLu+HNL(u)u

• assumption: HL = HT
L , HNL(u) = HT

NL(u)

• symmetries of HL and HNL(u)

• time reversal T: T ∪ t→ −t, T 2 = I, T2 = I

u(t) =

N∑
n=1

e−iEntun

HLun = Enun

T(i∂tu) = T(HLu)

i∂tT(u) = H̄LT(u)

Tu(t) = T u(t)|t→−t =

N∑
n=1

e−iĒntūn



• parity operator: P, P2 = I, [T,P] = 0, P ∈ RN×N

• PT symmetry: [PT ,HL] = 0 ∪ HL = HT
L =⇒ PHLP = H†

L

• task 1: find P for plaquettes via [PT ,HL] = 0

• task 2: check PT−symmetry of iu̇ = HLu+HNL(u)u



• explicitly for plaquette (a)

HL =


0 −k 0 −k
−k iγ −k 0
0 −k 0 −k
−k 0 −k −iγ

 = HT
L

= −k(I + σx)⊗ σx + i
γ

2
σz ⊗ (I − σz)

HNL(u) = −


|uA|2 0 0 0
0 |uB|2 0 0
0 0 |uC|2 0
0 0 0 |uD|2

 = HT
NL(u) = H†

NL(u)



• pseudo-Hermiticity PHLP = H†
L

HL = HL,0 +HL,1

HL,0 = −k(I + σx)⊗ σx = H†
L,0

HL,1 = i
γ

2
σz ⊗ (I − σz) = −H†

L,1

trivial implications:

PHL,0P = HL,0 =⇒ [P,HL,0] = 0

PHL,1P = −HL,1 =⇒ {P,HL,1} = 0

• solutions of [P,HL,0] = 0 ∪ P2 = I ∪ P ≠ I

P0x := I ⊗ σx , Px0 := σx ⊗ I , Pxx := σx ⊗ σx



• restriction {P,HL,1} = 0 =⇒ Px0

P = Px0 =

(
0 I
I 0

)
=


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0


Px0 : A� C ∪ B � D 2D − rotation ± π

A(0) B(+iγ)

C(0)D(−iγ)



• nonlinear term

HNL(Pu) = PHNL(u)P = −


|uC|2 0 0 0
0 |uD|2 0 0
0 0 |uA|2 0
0 0 0 |uB|2

 ̸= H†
NL(u)

not P−pseudo-Hermitian: PHNL(u)P ̸= H†
NL(u)

• only here trivial HNL(Pu) = PHNL(u)P
• in general: HNL(u) multi-sesquilinear object

• best visible in components

u −→ uk

HNL(u)u −→ [HNL]
ijk
m ūiujuk



• PT−symmetry in the following sense:

PT(i∂tu) = PT [HLu+HNL(u)u]

i∂t(PTu) = HLPTu+HNL(PTu)(PTu)

• exact PT−symmetry

PTu = eiϕu, ϕ ∈ R

Pū(−t) = eiϕu(t)

HNL(PTu) = HNL(u)

• completely broken PT−symmetry:

PTu ̸= eiϕu =⇒ HNL(PTu) ̸= HNL(u)



• plaquette (b)

A(+iγ) B(−iγ)

C(+iγ)D(−iγ)

HL,1 =


iγ 0 0 0
0 −iγ 0 0
0 0 iγ 0
0 0 0 −iγ

 = iγI ⊗ σz

P0x =

(
σx 0
0 σx

)
, Pxx =

(
0 σx
σx 0

)



• plaquette (c)

A(+iγ) B(+iγ)

C(−iγ)D(−iγ)

HL,1 =


iγ 0 0 0
0 iγ 0 0
0 0 −iγ 0
0 0 0 −iγ

 = iγσz ⊗ I

Px0 =

(
0 I
I 0

)
, Pxx =

(
0 σx
σx 0

)



• plaquette (d)

E(+iγ)

D(−iγ)B(+iγ)

A(−iγ)

C(0)

HL,0 =


0 0 −k 0 0
0 0 −k 0 0
−k −k 0 −k −k
0 0 −k 0 0
0 0 −k 0 0

 , HL,1 =


−iγ 0 0 0 0
0 iγ 0 0 0
0 0 0 0 0
0 0 0 −iγ 0
0 0 0 0 iγ



Pd,0 =


0 1 0 0 0
1 0 0 0 0
0 0 1 0 0
0 0 0 0 1
0 0 0 1 0

 , Pd,x =


0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0





• spectral behavior of associated linear setups

HLun = Enun, det(HL − EI) = 0

(a) : E1,2 = 0, E3,4 = ±
√
4k2 − γ2

(b) : E1,2 = ±iγ, E3,4 = ±
√
4k2 − γ2

(c) : E1,2 =

√
2k2 − γ2 ± 2k

√
k2 − γ2

E3,4 = −
√

2k2 − γ2 ± 2k
√
k2 − γ2

(d) : E1,2 = ±iγ, E3,4 = ±
√
4k2 − γ2, E5 = 0



• exact PT−symmetry

(a) : γ2 ≤ 4k2

(b) : γ = 0

(c) : γ2 ≤ k2

(d) : γ = 0

• broken PT−symmetry for (b) and (d)

A(+iγ) B(−iγ)

C(+iγ)D(−iγ)

E(+iγ)

D(−iγ)B(+iγ)

A(−iγ)

C(0)



• ∃ sectors of exact PT−symmetry for (a) and (c)

A(0) B(+iγ)

C(0)D(−iγ)

A(+iγ) B(+iγ)

C(−iγ)D(−iγ)



• special behavior of plaquette (a)

E1,2 = 0, E3,4 = ±
√
4k2 − γ2

rank (HL) = 2, ker(HL) = spanC(u1,u2)

HL(γ = ±2k) E1 = . . . = E4 = 0

HL(γ = ±2k) ∼


0 1 0 0
0 0 1 0
0 0 0 0
0 0 0 0

 = J3(0)⊕ J1(0)

• option for “simple” experiment on EP-3 behavior



Nonlinear setups

• search for stationary solutions

u0(t) = e−iEtu0, E ∈ R, u0 = (a, b, c, d)T ∈ C4

• exact PT−symmetry possible for PT u0 = eiφu0, φ ∈ R
• useful tool: inner products

∂t(u
†Y u) = iu† (H†Y − Y H

)
u

• more concrete

∂t|u|2 = ∂t(u
†u) = −2iu†HL,1u

∂t(u
†Pu) = iu†

[
H†

NL(u)P − PHNL(u)
]
u



• stability analysis of stationary solutions via perturbation theory

u(t) = e−iEt
[
u0 + δ(eλtr+ eλ̄ts)

]
+O(δ2), |δ| ≪ 1

(B− iλI8)x = 0

B :=

(
∂unF (u, ū) ∂ūnF (u, ū)
−∂unF̄ (u, ū) −∂ūnF̄ (u, ū)

)∣∣∣∣
u=u0

, n = 1, 2, 3, 4

x = (r, s̄)T

stable: λ ∈ iR
unstable: λ ̸∈ iR

• concrete analysis done numerically



• concrete analysis of stationary solutions: e.g. plaquette (a)

Ea = k(b+ d) + |a|2a,
Eb = k(a+ c) + |b|2b− iγb,

Ec = k(b+ d) + |c|2c,
Ed = k(a+ c) + |d|2d+ iγd,

∂t|u|2 = −2iu†HL,1u,

0 = 2γ(|b|2 − |d|2)

∂t(u
†Pu) = iu†

[
H†

NL(u)P − PHNL(u)
]
u,

0 =
(
|a|2 − |c|2

)
(āc− c̄a) +

(
|b|2 − |d|2

)
(b̄d− d̄b)



• ansatz a = Aeiϕa, b = Beiϕb, c = Ceiϕc, d = Deiϕd

• results in (with ϕa = 0)

case 1a: sin(ϕb) = − γB

2kA
, ϕc = 0, ϕd = −ϕb,

case 1aa: A = B = C = D =

√
E ∓

√
4k2 − γ2,

case 1ab: A = C, B = D =
2kA√
A4 + γ2

, E = A2 +B2,

case 1b: ϕd = −ϕb = ∓π/2, ϕc = 0, π, γ = ±2k, γ = 0,

A = B = C = D =
√
E,

case 2: sin(ϕb) = − γ

2k
, ϕd = ϕb − π, ϕc = 2ϕb ± π,

A = B = C = D =
√
E



• PT−symmetry PT u0 = u0

• case 2:

u0 = ei(ϕb−π/2)v0,

v0 := A
[
e−i(ϕb−π/2), eiπ/2, ei(ϕb−π/2), e−iπ/2

]T
,

PT v0 = v0



Outlook

• more general nonlinear terms and their symmetries

• general symmetries of multi-sesquilinear objects

• generalization toward nonlinear σ−models + WZW ?



III. Tachistochrones in PT −symmetric LRC circuits

• Phys. Rev. A 85, (2012), 062122; arXiv:1205.1847

• coupled oscillators with balanced gain-loss:

d2Q1

dτ2
− γ

dQ1

dτ
+ αQ1 − µαQ2 = 0

d2Q2

dτ2
+ γ

dQ2

dτ
+ αQ2 − µαQ1 = 0

• PT −symmetry: Q1 � Q2, τ → −τ



• 1st-order system: Ψ ≡ (Q1, Q2, Q̇1, Q̇2)
T

dΨ

dτ
= LΨ, L =


0 0 1 0
0 0 0 1
−α µα γ 0
µα −α 0 −γ


• Schrödinger type equation

i∂τΨ = HeffΨ, Heff ≡ iL

• P0T0−symmetry: [P0T0,Heff ] = 0

P0 =

(
σx 0
0 σx

)
, T0 =

(
I 0
0 −I

)
K



• eigenvalue problem

(Heff − ωk)Ξk = 0, k = 1, 2, 3, 4

• characteristic polynomial

ω4
k − (2α− γ2)ω2

k + α = 0

• eigenfrequencies

ω1,4 = ±
√

Ω+, ω2,3 = ±
√
Ω−

Ω± := α− γ2

2
±

√(
α− γ2

2

)2

− α

α = 1/(1− µ2) ≥ 1, µ2 ∈ [0, 1]



• EP-pair at γ2c = 2(α− α1/2)

• Ω± ∈ R+, γ2 ≤ γ2c
• eigenvectors:

Ξk = ak(e
−iϕk, eiϕk,−iωke

−iϕk,−iωke
iϕk)T

e2iϕk :=
α− ω2

k + iγωk

αµ
, ak ∈ R

• exact P0T0−symmetry for γ2 ≤ γ2c

ωk ∈ R, ϕk ∈ R, P0T0Ξk = Ξk

• spontaneously broken P0T0−symmetry for γ2 > γ2c :

ωk ̸∈ R, ϕk ̸∈ R, P0T0Ξk ̸∝ Ξk



• More standard form of PT −symmetry?

• we require:

H = HT = RHeffR
−1

[PT ,H] = 0

P =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 = RP0R
−1

T = K = RT0R−1

H(γ = 0) = H†(γ = 0)



• simple computer algebra gives

H =


0 b+ iγ/2 c+ iγ/2 0

b+ iγ/2 0 0 c− iγ/2
c+ iγ/2 0 0 b− iγ/2

0 c− iγ2 b− iγ/2 0


b =

√
(α+ α1/2)/2 c = −

√
(α− α1/2)/2

• via more sophisticated algebra

R =


b+ c b+ c i −i
b− c −(b− c) i i

−(b− c) b− c i i
b+ c b+ c −i i





• exact PT −symmetry γ2 ≤ γ2c , characteristic evolution:

Ψ(τ = 0) =


0
0
1
0

 −→ Ψ(τ = τfpt) =


ψ1

ψ2

0
ψ4


⟨Ψ(0)|Ψ(τfpt)⟩ = 0

• general solution

Ψ(τ) =

4∑
k=1

e−iωkτAkΞk, Ak ∈ C

ω1 = −ω4, ω2 = −ω3, ωk ∈ R

Ψ(τ) ∈ R4 =⇒ A1Ξ1 = Ā4Ξ̄4, A2Ξ2 = Ā3Ξ̄3



• solution with initial condition on the gain side Ψ(τ = 0) = (0, 0, 1, 0)T

Ψ(τ) =
αµ

∆


−sin(ω1τ+δ1)

ω1
+ sin(ω2τ+δ2)

ω2

−sin(ω1τ)
ω1

+ sin(ω2τ)
ω2

− cos(ω1τ + δ1) + cos(ω2τ + δ2)
− cos(ω1τ) + cos(ω2τ)


∆ := ω2

1 − ω2
2 ,

αµ

∆
=

1

2

√
1 +

γ2

δω2

√
1 +

γ2

ω̄2

δω := ω1 − ω2, ω̄ := ω1 + ω2

sin(δ1) =
γω1

αµ
, cos(δ1) = −∆− γ2

2αµ

sin(δ2) =
γω2

αµ
, cos(δ2) =

∆+ γ2

2αµ



Ψ(τ = 0) =


0
0
1
0

 −→ Ψ(τ = τfpt) =


ψ1

ψ2

0
ψ4


⟨Ψ(0)|Ψ(τfpt)⟩ = 0

• essential component:

ψ3(τ) =

√
1 +

γ2

δω2

√
1 +

γ2

ω̄2
sin

[
δωτ + δ1 − δ2

2

]
sin

[
ω̄τ + δ1 + δ2

2

]

• first zero of the slowly evolving enveloping amplitude

τfpt = (δ2 − δ1)/δω



invariance of the equation system under simultaneous action of
Q1 � Q2, γ → −γ

Ψ(τ = 0) =


0
0
0
1

 −→ Ψ(τ = τfpt) =


ψ1

ψ2

ψ3

0


⟨Ψ(0)|Ψ(τfpt)⟩ = 0

follows from γ → −γ



• first passage time τfpt =
1
δω

[
π ± arccos

(
δω2−γ2

δω2+γ2

)]
• no gain-loss: γ = 0 : τfpt =

π
δω

standard Hermitian time-energy uncertainty relation
(Aharonov-Anandan lower bound)

• large gain-loss

γ ≫ δω −→ τfpt ≈
2π

δω

τfpt ≈
2

γ

• tachistochrone solution: τfpt <
π
δω

(slower than PT brachistochrone)



Thank you for your attention


