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I. Naimark-dilated unambiguous P7-symmetric
quantum state discrimination



State discrimination

textbook knowledge in quantum computation

first investigations:

[.D. lvanovic, “How to discriminate between non-orthogonal states”,
PLA 123 (1987) 257-259.

D. Dieks, “Overlap and distinguishability of quantum states”,

PLA 126 (1988) 303-306.

A. Peres, “"How to differentiate between non-orthogonal states”,

PLA 128 (1988) 109.

G. Jaeger and A. Shimony, “Optimal distinction between two non-
orthogonal quantum states”, PLA 197 (1995) 83-87.



given two non-orthogonal states: p),|q) € H = C?

(plg) = cos(e) # 0

probabilistic analysis

system prepared 50% in |p) and 50% in |q)

question:

In which state is the system?



answer via Hilbert space extension trick H — H, x H:

composite system with ancilla state |sg) € H, = C?
embedding + interaction (unitary rotation):

sop) — «a|sip1) + Blsap2)
soq) — Y[s1q1) + 6|s2q2)

orthogonality conditions: (p1lq1) = 0, (s1]|s2) =0

|s1) — successful measurement (discrimination with certainty)
|s3) — discrimination is impossible

optimal state discrimination: [p2) = €'“|qa)

maximal probability of successful discrimination: 1 — |{p|q)]



Modified state discrimination and P77 brachistochrone

given 2 entangled states in C*

o) tle®hd L [ )
P = = ( ) )

v 1+ b2 v 1+ b2
B, — er) @ |Y2) +le) ®@[x) 1 ( |1)2) )
? V1 F b2 VIF2 U |X)

in general (1]e) # 0

1) additive ancilla

problem: discrimination of |¢1), |12) in projection subspace C?
related to discrimination problem in C*

crucial: —1 < (1)) <0

coincidence limit (i1|y9) = —1 — (P1|Ps) # 1



e quantum state discrimination via Naimark dilated P77 —brachistochrone:
() = U e = (100 ) = (1)

exactly reproduces the nonunitary evolution in C?:
o (O ) (00
X(0)) X(2))

e unambiguous state discrimination when (1(t)|1h2(t)) =0



total success probability to discriminate |{11|12)| = cos(e)

red — Helstrom bound from a minimal-error scheme

blue — bound from multiplicative ancilla scheme (standard unambiguous
quantum state discrimination scheme)

black — additive ancilla scheme (present technique)

— Naimark-dilated unambiguous P77 -symmetric quantum state discrimi-
nation



Il. Nonlinear PT-symmetric plaquettes

J. Phys. A: Math. Theor. (2012), to appear; arXiv:1204.5530



Setup

coupled waveguides arranged as 2D plaquettes (oligomers)

D(-iy C(0) D(-iy, C(+iy)
A(0) B(+y) A(+iy) B(-y)
(a) mode 0+0- (b) mode +-+-
A(-iy)
D(-y C(=iy)
B(+iy) c(0) D(-iy)
A(+y) B(+iy) E(+iy)

(c) mode ++- - (d) mode +-0+-



e typical equation system (plaquette (a))

D(-ly

A(0)

C(0)

B(+iy)



general setup

= Hpu+ HNL<U>11

assumption: Hp = HY, Hyr(u) =

symmetries of Hy, and Hyp(u)

time reversal T: 7 U t — —t,

u(?)

HLun

N

E : e—'LEntun

n=1

= FE,u,
T(HLU)
ﬁLT(U)

Tu(t)lim—e =) e

n=1

H]j\;L(u)

T2=1, T2=1

—iEntl—ln



parity operator: P, P? =1, IT,P] =0, PeRNxN

PT symmetry:

task 1:

task 2:

[PT,Hr)=0 U Hy=H} = PH/P=H,

find P for plaquettes via [PT,Hr| =0

check PT—symmetry of

iua= Hpu+ HNL(U_)U



e explicitly for plaquette (a)

0O -k O —k
Ho =1 g _p o —p |~H

k0 —k —iy

= k(I +02)® 0 +i70,® (I - o)

wa2 0 0 0
0 upl? 0 0
Hyp(n) = - 0 |O| lucl*> 0

0 0 0 |upl|?



e pseudo-Hermiticity PHpP = H}E

H;y, = Hpo+Hpa
Hpo = —k(I+0,)®0,=H],
Hp, = @%Uz U —-o0,)= _Hz,1

trivial implications:

PHroP = Hp — P,Hp ol =0
PHL,lp = —HL71 — {,P, HL,l} =0

e solutionsof [P, Hpol=0 U P*=1 U P#I

POQS:ZI(X)O-CB) PxO::O-x@Ia Pl 8= @z & @



e restriction {P,Hp 1} =0 — Po

00 10
0 I 0 0 0 1
P=Pa = (I o)‘ 1 00 0
0100
Pro : A=C U B=2D 2D — rotation + 7
D(-1y C(0)

A(0) B(+1y)



nonlinear term

Hyp(Pu) =PHyrp(u)P = —

not P—pseudo-Hermitian:
only here trivial
in general: Hyp(u)

best visible in components

HNL(U)II

0 0 0
|uD|2 0 0

0  |ual®* O

0 0 |UB|2

PHyr(W)P # HY,, (u)

HNL(PU.) — PHNL(U)P

multi-sesquilinear object

—
o

Uk

[Hnr]i3" aiugug



e PT—symmetry in the following sense:
PT(i0u) = PT[Hpu+ Hyp(u)u

i9,(PTu) = HPTu+ Hyr(PTu)(PTu)

e exact PT—symmetry

PTu = e'“%u, ¢ €R
Pa(—t) = e"*u(t)
HNL(Pr_[lu) = HNL(II)

e completely broken PT —symmetry:
PTu # e'%u — Hyp(PTu) # Hyp(u)



b)
e plaquette (

C(+iy)
D(-ly
B(=iy)
A(+iy)
Hrp, =
7DOQC —

0
0
—(fz)lfy 0 8
0 2y '
0 —u
0



e plaquette (c)

D(-ly C(-1y)
A(+iy) B(+iy)
Hrp 4

1y O 0 0

0 v O 0

0O 0 —y O

0 O 0 —uy
0 I
I O ) 9 wa _



e plaquette (d)

A(=ly)

co) DM

B(+iy)

E(+1y)

N.l
.7_VOOOO
/ll\

I

1-/

)
~/
OOk_OO
OO.P_wOO
2 2 2 2
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OOk_OO
(\

I
0-/
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e spectral behavior of associated linear setups

HLun = Enun, det(HL — EI) =0
(a) : E19=0,  F34=4+/4k2—~2
(b) . ELQ — :|:’L’)/, E3,4 — :|:\/4]€2 — "}/2
(C) ; ELQ = \/2]{32 — ’)/2 + 2]43\/ ]f2 — ’}/2

Es 4= —\/2k2 — 72 £ 2k\/ k2 — A2

(d) 5 ELQ = :|:7f)/, E3,4 = :|:\/4]€2 — "}/2, E5 =0




e exact PT—symmetry

e broken PT—symmetry for (b) and (d)

D(-ly

A(+1y)

C(+iy)

B(-iy)

B(+iy)

A(=ly)

co) DM

E(+1y)



e T sectors of exact PT—symmetry for (a) and (c)

D(-ly C(0) D(-iy. C(-iy)

A(0) B(+iy) A(+y) B(+iy)



e special behavior of plaquette (a)

E172 = O, E3,4 = :|:\/4k‘2 — ’}/2

rank (Hp) = 2, ker(Hy) = spang(uyg, us)
Hy(y = +2k) Fi=...=E;=0
0 1 0 0
0 0 1 0
HL(’)/ = :|:2]<7) ~ 00 0 O — J3<0) S> Jl(O)
0 0 0 O

e option for “simple” experiment on EP-3 behavior



Nonlinear setups

search for stationary solutions
llo(t) = e_iEtuo, E e R, Uy = (CL, b, c, d)T c C*

exact PT—symmetry possible for  PTug=e*¥ug, ¢ €R
useful tool: inner products
O:(u'Yu) =iu' (H'Y —YH)u

more concrete
Oyul? = &;(uTu) = —27juTHL,1u

a(utPu) = il [, (WP - PHyL(u)| u



e stability analysis of stationary solutions via perturbation theory

c
VN
~
N——"
|

_ ~iBt [uo + oM + ef\ts)} L0, fl<1

B Ou, F'(u,u) 0y, F(u,u)
B —0y, F(u,0) —0z F(u,u) N
x = (r,8)"

stable: A €R
unstable: A€ iR

e concrete analysis done numerically



e concrete analysis of stationary solutions: e.g. plaquette (a)

Ea = k(b+d)+ |al’a,
Eb = k(a+c)+ |b*b—ivb,
Ec = k(b+d)+ |’
Ed = k(a+c)+|d*d+ ivd,
Oul? = —27juTHL,1u7
0 = 2v(]b* —|d?)
O(ufPu) = iu {H]J(,L(U)P—PHNL(U)] u,

0 = (lal* = |c|?) (@c — ea) + (|b|* — |d|*) (bd — db)



e ansatz a = Aei%, b= Bewb, c = Cewc, d = De'%d

e results in (with ¢, = 0)

, B

case la: sin(¢p) = _;k—A’ ¢ = 0, Oqg = — Py,

case laa: A:B:C:D:\/E$\/4k2—72,
2k A
case lab: A=C, B=D = . E=A*+ B?
/A4 + 72
case 1b: Gqg=—¢p = F1/2, ¢.=0,m, v=42k, =0,
A=B=C=D=VE,
case 2: sin(¢p) = —%, bg = ¢p — T, O = 2¢p L,



e PT—symmetry PTug = ug
e case 2:

Y

vor= Al O/ /2, o/ omin2] !

PTV() = Vy



Outlook

e more general nonlinear terms and their symmetries
e general symmetries of multi-sesquilinear objects

e generalization toward nonlinear c—models + WZW ?



l1l. Tachistochrones in P77 —symmetric LRC circuits
e Phys. Rev. A 85, (2012), 062122; arXiv:1205.1847

e coupled oscillators with balanced gain-loss:

d*Qq d@1
Al _ — 0
d? d
™ 0@y~ paQi = 0
dr dr

e PT —symmetry: Q1 = Qo, T —T



e lst-order system: U = (Ql, ()2, Qh Q2)T

0 0 1
dW
“Y_ru o 0 0 0
dr —Q pa vy
po  —a 0

e Schrodinger type equation

7;87\11 :Heff\I/, Heff E’L'E

o PyTo—symmetry: [73076, Heff] =0

O = O

o, 0 (I 0
73O_(O 093)’ 76_(0—[



e cigenvalue problem

(Heff—wk)Ek:O, ]4321,2,3,4

e characteristic polynomial

wr — (20— Y wi+a =0

e cigenfrequencies




EP-pair at v: =2
Qe Ry, v <7
eigenvectors:

exact PyTo—symmetry

wi € R,

ap(e "k, ek —jwpe Pk —jwet Pk

2 .
Q@ — Wi + 1YWk

oup
for 72 <2

¢/€€R7

Y

ar, € R

PoToZr = Zk

spontaneously broken Py7y—symmetry for 42 > ~2:

Wi Q/Ra

¢k ¢R7

PoToEr K Ek

)T



e More standard form of P7T —symmetry?

® we require:

H = H"=RH. ;R

PT,H] = 0
00 0 1
oo 10| )
P =141 09 0 |=FPR
1 00 0

T = K=RTR'
H(y=0) = H'(y=0)



e simple computer algebra gives

0 b+iv/2 c+ivy/2 0

7 b+ iv/2 0 0 c—1iy/2
B c+iy/2 0 0 b—ivy/2
0 c—1y2 b—1iy/2 0

b = Jla+al)/2  c=—\/(a—al/?)2

e via more sophisticated algebra

b+ c b+ c T —1
b—c —(b—c) i i
—(b—¢c) b-—c i
b+ c b+ c —% 1

R =



e exact PT —symmetry v < 42, characteristic evolution:

0 ¥1
U(r=0)= (1) — U(T =Tept) = %2
0 (U
(W0)[¥(rpe)) = 0
e general solution
4
\IJ(T) = ZB_ZwkTAkEk, AL e C
k=1
W) = —Wwy, W= —Wws, wr € R

4 —_ T = — T =
\IJ(T) e R — A= = A4:4, Ao=y = Ag=sg



e solution with initial condition on the gain side ¥(7 = 0) = (0,0,1,0)%

( _ sin(w17+d7) 4 sin(woT+09)
w1 w9
\:[j<,7-) _ % SlnE:le) 4 Sln((:c;QT)
A | —cos(wiT + 61) + cos(waT + 62)

— cos(w1T) + cos(waT)

QfL
A =lwy =y K \/ 5w2\/

dw 1= w1 — Wa, W1 + w2
A — 2
sin(dy) E, cos(d1) = — i
QL 2014
A 2
sin(dq) = M, cos(dz) = il

QL 204



0 P1
U(r=0)= (1) —  U(T = Tept) %2
0 (o

(WO U(Tpe)) = O

e essential component:

_\/1 \/ +_ 5 5(*‘)7__‘_51_52 sin (DT—I—51+52
- 52 > 2 2

e first zero of the slowly evolving enveloping amplitude

Tfpt = (52 — 51)/5w



invariance of the equation system under simultaneous action of
@1 = Qo Y= =

0 (031
U(r=0)= 8 — U(T =Tgpy) = zi
1 0

(W(0)[W(Tep)) = O

follows from v — —~



first passage time Tt = i [w + arccos (

no gain-loss: v=0: Tpt = 3

5w2—fy2

standard Hermitian time-energy uncertainty relation

(Aharonov-Anandan lower bound)

large gain-loss

27
v > dw —  Tipt =
dw
2
Tfpt ~ —
tachistochrone solution: Tipt < %

(slower than PT brachistochrone)

5w2_|_,-y2

)



Thank you for your attention



