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Deriving Non-Hermitian Quantum Theory
from Covariance and the Correspondence Principle

Frieder Kleefeld®

Collaborator of the
Centro de Fisica das Interacgdes Fundamentais (CFIF), Instituto Superior Técnico (IST)
Edificio Ciéncia; Piso 3, Av. Rovisco Pais, P-1049-001 LISBOA, Portugal
kleefeld@cfif ist.utl.pt , http://cfif.ist.utl.pt/~kleefeld/

As a starting point it is demonstrated on the basis of the non-Hermitian Klein-Gordon equa-
tion, how covariance induces a pair of time-dependent Schrodinger equations. These so-called
retarded and advanced Schrodinger equations reduce for Hermitian Hamilton operators to
the well known time-dependent Schrédinger equation and its Hermitian conjugate. It is
also shown via the separation ansatz that the retarded and advanced Schrodinger equation
share even for non-Hermitian Hamilton operators the same stationary Schrédinger equation.
Time-dependent wave functions solving the retarded or advanced Schrodinger equation can
be expanded in terms of a suitable set of eigenfunctions of the stationary Schrédinger equation
being orthogonal under integration along some complex contour interconnecting two suitable
anti-Stokes cones induced by the long-distance part of the interaction potential. For ma-
trix Hamiltonians this orthonormal set of stationary eigenfunctions reduces to the right and
left eigenbasis of the respective matrix Hamiltonians. A suitable combination of the time-
dependent retarded and advanced Schrédinger equation leads to some continuity equation
yielding in correspondence to classical mechanics in the complex spacial plane some proba-
bilistic interpretation of our non-Hermation Quantum Theory. Throughout the presentation
the formalism being easily generalized also to Quantum Field Theory is demonstrated and
tested by applying it to a list of suitable problems.

!Present permanent address: Pfisterstr. 31, 90762 Fiirth, Germany
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harmonic oscillator whose Hamiltonian is H = P>+ 22, These
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foci located at the turning points at = &1. The real line
segment (degenerate ellipse) connecting the turning points is
the usual periodic classical solution to the harmonic oscillator.
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FIG. 4. Classical trajectories in the complex-z plane for
a particle described by the Hamiltonian H = p? — z* and
having energy F = 1. There are two oscillatory trajecto-
ries connecting the pairs of turning points z; and z» in the
lower-half z-plane and z3 and z4 in the upper-half z-plane.
[A trajectory joining any other pair of turning points is for-
bidden because it would violate PT (left-right) symmetry.]
The oscillatory trajectories are surrounded by closed orbits
of the same period. In contrast to these periodic orbits there
is a class of trajectories having unbounded path length and
running along the real-z axis. These are the only paths that
violate time-reversal symmetry.
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FIG. 10. Classical trajectories in the complex-z plane for &

particle described by the Hamiltonian H = p? —iz and having

energy E = 1. Shown are parabolic trajectories and a turning
point at 7. All trajectories are unbounded.
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FIG. 2. Classical trajectories in the complex-z plane for

a particle described by the Hamiltonian H = P’ + iz’ and

having energy £ = 1. An oscillatory trajectory commects the

turning points z+. This trajectory is enclosed 'by a'set of

closed, nested paths that fill the finite complex-z plane ex-
cept for points on the imaginary axis at or above the turnin g
point xo = i. Trajectories originating at one of these excep-
tional points go off to 100 or else they approach z, stop, turn
around, and then move up the imaginary axis to ico.
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FIG. 6. Classical trajectories in the complex-z plane for
a particle described by the Hamiltonian H = p? + iz and
having energy F = 1. Shown are oscillatory trajectories sur-
rounded by periodic trajectories. Unbounded trajectories run
along the positive-imaginary axis above = 1.
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