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Introduction

e Stationary Schrodinger eqn (eigenvalue eqn)

h(@)|on(t)) = En(t)|dn(t)) (1)

e Time-dependent Schrodinger eqn (evolution eqn)

.d
ih;12(t)) = h(1)|2(t)) (2)
e Eq.(2) guarantees unitarity

@1 ()] a(0) = 0
@ Remarks

@ Any Hermitian evolution would be unitary.
@ Eq.(2) cannot be derived from Eq.(1).
© The “dual-role” of h(t) is a axiom in QM.
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Introduction

@ Stationary Schrodinger eqn is invariant under arbitrary unitary
transformations

() =UMOU(L), |67,(1)) = U(t)|n(t)
h(®)|én(t)) = En(t)gn(t)) — W (1|7 (1) = En(t)|6, (1))

@ Time-dependent Schrédinger eqn is invariant under only
time-independent unitary transformations.

() =UhUT, |2'(1)) = U|2(1))

0 IR(0) = A(OIB(1) - i (1) = ()| (1)

o For a time-dependent transformation, the full Schrodinger eqn
becomes

ih%@’(t)) - [h’(t) - ih,UUT] 1@/ (1))
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Introduction Hilbert Space

@ Inner products in QM [Ballentine, Quantum Mechanics]

© (¥, ¢) is a complex number,
Q (¢, ) = (¢,1)*, where * denotes complex conjugate,

Q (V,c191 4 cada) = c1(, d1) + c2(¥, P2), where ¢; and ¢y are complex
numbers,
Q (¢,9) > 0, with equality holding iff ¢ = 0.

o In general, (¢, ¢) = (¥|[W|g).

@ The metric operator is a Hermitian matrix: W = W'
@ All the eigenvalues of W are positive: AW > 0.
© In some convention, one may choose W = PC.

@ A self-adjoint operator in finite dimensions
(Y, H¢) = (Hy,¢) = WH=HW.

o A time-dependent H(t) calls for a time-dependent W ().
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Time-Dependent PTQM

@ Stationary Schrodinger eqgn is same as in QM

H(t)lwn(t» = En(t)|¢n(t)>
@ Demand unitarity in evolution

d

a(‘l’l(tﬂw(t)m’z(t» =0.

@ Schrodinger-like equation
. d
ih [P (2)) = A)IL(2))

with .
ihW = ATW — WA.
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Time-Dependent PTQM

@ Assume A = H + A, where

WH=HW, WA=-AW.

The partition is unique.

@ A can be determined by unitarity,

A= LW,

H cannot be determined by the unitary condition.
An axiom in PTQM: H = H.
Evolution equation in PTQM

d ho ..
ih|¥) = (H—EW W) D).
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Time-Dependent PTQM

@ The metric is positive definite,
W = nTn.
@ There are many square-roots of W,

W =nin=(Un)' (Un) with U'=0"

Mapped Hamiltonian is Hermitian,

h=nHn ' =nht

Map on wavefunctions: |®) = n|¥).

Stationary Schrodinger eqn mapped accordingly,

H|¢n> = En|¢n> = h|¢n> = En|¢n>
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Time: pendent PTQM

@ Mapped evolution equation,
d _ _
i [®) = h®) with = h+Lin [7’777‘1 - (r'm_l)T] .

o In general, h # h.

@ “Proper mapping:”

. -1 . -1 T
TproperTlproper — (npropernproper) )

@ For an improper mapping, ' = Ujproper, U satisfies
. e 1t
7= % [(77/77/ 1) _ (77/17/ 1) } U

@ The lack of the initial condition: Unitary equivalence.
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Time: pendent PTQM

@ For a proper mapping, the evolution equation reduces to
1h—|111> (H —ihn~'n) ).

[Znojil PRD 2008, SIGMA 2009]
@ Application in conventional QM
o W =1.
o n=Uwith U! =U".
o If » =1 is a proper mapping, then the improper mapping ' = U gives
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Complex Harmonic Oscillator

@ Hamiltonian
1

LY Y2\ | CoN an | A .
H=3 KX+21/3§ —ﬁ27> §* + (Y +iB) (pq + 4p) +Zp2] :

@ Real spectrum,

E,=(n+3)n/ZX -Y2

@ The metric operator
1B o
W = ———= .
exp ( th )
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Complex Harmonic Oscillator

@ A Dyson's map n = Urny
@ with a Hermitian 7y,

mo=exp (22 ) =
0 2hZ o

U =exp [—% <§QQ +a)} .

@ Mapped Hamiltonian

@ and a unitary factor

h = nHn!
_ 1 2 ~2 An A %)
= S [(X+2Y +82)¢ + (Y +£2Z) (PG + qp) + Zp°] .
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Complex Harmonic Oscillator

Mapped evolution operator

h = h+ %ih [1'777_1 — (ﬁn_l)q
= h+3¢°+a.

A proper mapping: £ =0 and a = 0.
The mapped Hermitian Hamiltonian is Berry’'s generalized harmonic
oscillator

hauo = & [XG* + Y (b4 + 4p) + Zp°] -

The original PT-symmetric H has the same Berry phase with this
hauo-
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Berry Phase in PTQM

@ Instantaneous eigenstates of H
HX(0)][¢n(t)) = En[X(0)][¢n[X(1)])

@ Expanding the solution of the Schrodinger-like time evolution Eqn by
the complete set,

W) = Z ane”" [ihy),

where the dynamical phase is 0,,(t) = —+ ft dr E,[X(7)].
@ The time-dependent coefficient,

im = =am (Gl Wl + 56l )

N )}
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Berry Phase in PTQM

@ Adiabatic approximation: No contribution from n # m terms.

o Adiabatic phase: @, (t) ~ a,,(0)e"" ("), where the phase satisfies
i = 1 (Ol ) + 5 W)
@ Geometry phase in PTQM:
=1 [ AX [0l W T [t + 5 (W)

@ Berry phase in PTQM:

V8 =1 X (W 1) + 3 9TV )]
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Berry Phase in PTQM

@ Hamiltonian

Hyyo = eog + (anr +ibsindn? +ibcos5n‘0> o

. e+ acosf® — ibsin fsin § (asinf 4 ibcos@sin§ + bcos §)e ¥
T | (asin@ +ibcos Osin§ — bcos §)el? e—acosf +ibsinfsind
with
n" = (sinfcosy,sinfsinyp,cosh),

=}
11

(cos @ cos @, cos §sin ¢, —sin ),

n? = (—siny,cosp,0).

o Eigenvalues: EL = e+ va? — b2.
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Berry Phase in PTQM

@ Metric

W=u [aag—i— (yn'r +bcosdn? — bsindn‘p) -a} ,

where ap > 0 and v? < a® — b2
o Eigenstates

) = N e % (asin @ + ibcos d cos f + bsin §)
T Gcosf +ibcosdsind + vaZ — b2

@ Since 1 & v can always be absorbed in NV, we choose p = sign(a)
and v = 0. After p & v are fixed, W(t) = W[X(t)].

o Without loss of generality, assume that a > 0.

@ The metric we used

Wzaag—l—b(coséne—sinén‘p) ‘0.
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Berry Phase in PTQM

o Parameters 0, ¢, & & change periodically in time.

e Geometry phase for |¢1)

ﬂ:/[Fﬁ do+ F? do + F2 da},

where
1 a
L — -
7 = 2(lzlzx/mcosH)
Fi _ 1 bsin §
2q4 bsin9c0s6$\/a2—b cos 6
o 1 b+ asinfcosd
Y =

2\/a2 b2 a + bsinfcosd + Va2 — b2cosf’
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Berry Phase in PTQM

Berry phase v£ = § [F{dy + F{df] .
. h F? ¢
Introduce a vector field by Ay = 2 ( £nf r51n9n¢>

By Stokes’ theorem,

'YjB;:%]{Aj:'dP:%//VXAi-dS.

In terms of solid angle and winding number,

(S NS T, P
T e » vaz_)""

Fictitious magnetic field:

B.— <1 - \/ﬁ) ()50 F
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Berry Phase in PTQM

@ Two square-roots of W:

N 1 ( x4 — bsinfcos§ b(cos 6 cos § + isin §)e i¥ )
N+ = X:I:\/i b(cos 0 cos § — isin §)e'? X% + bsinfcos§ ’

where x4 = Va + va? — b2.

@ Mapped Hamiltonian

hy = UiH2><277£1 =eogEt Va2 —-b2n"-o.

@ A proper mapping is Tproper = Utny.
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Berry Phase in PTQM

@ The eqn for U

2
8—U:iCnr-a'U, where (= F b .
\/aQ—b2<a:|:\/a2—b2>

00

@ Solution

U = exp(i{én” - o)l
B cos(¢d) +1icos @ sin(¢d) isin 0sin(¢6)e™ ¥ I
N isin @ sin(¢6)e'? cos(¢d) —icos @ sin(¢9) 0

Mapped Hamiltonian: UohiUg.

The mapping is a periodic function of ¢ with period 27/(.
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Berry Phase in PTQM

@ The eqn for U

ou - i 5 sin 0sin § (—cos@siné +icos e i® U
00 16 o8 (—cos@siné — icos §)el¥ —sin@sind
_ _IC cosd e—iap03/2e—i002/2615a3/20_26—1603/2ei00'2/2€i<pa3/2U‘
@ Solution

U = ¢ iv03/2g=i002/2 exp [i (—C cos5ei&’?'/Qage_i‘s‘m/2 + %O‘Q) 0} Up.
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Berry Phase in PTQM

@ Assume the mapped Hamiltonian has the form

h0=600+\/m( cos®  sin®O e i )

sin® e® —cos®

@ Choose Uy = oy for simplicity.
@ The mapped Hamiltonian has the parameters

cos® = cos [9\/1—4C(1—C)00825] ,
o 1 —2¢cos®§ + 2i¢sindcosd
V1I—4C(1 = ¢)cos?5

@ Remarks
© It is independent of .
@ Periodicity of 6 is changed.
© Multiple-valued function for © & @.
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Berry Phase in PTQM

The red line is a path in (6, ) space with ( = —0.8, 0 =1, =0, &
@ : 0 — 27, The blue line is the mapped curve in (O, ®) space.

z
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Berry Phase in PTQM

® as a function of p for ( =—-0.8,0=1,=0, & ¢ : 0 — 27.
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@ An axiom in PTQM is proposed.

d ih .

ih—|0) = (H - W 'W | |¥).

i) = (1= Gwhi ) o)

@ Conventional full Schrodinger eqn is a special case of Schrodinger-like
eqn in PTQM.

@ A proper map links a PTQM Hamiltonian to a Hermitian Hamiltonian

with “dual roles.”
o Finding the proper map may be non-trivial.

e In PTQM, a new geometry phase is found. The associated fictitious
magnetic field has a fractional and tunable magnetic monopole and
an observable Dirac string.

@ Experiments?
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