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(2nd order Ordinary Differential Equation, of Sturm—Liouville type)
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Notations : U= (v1, -, vn-1)

e Recent view (in 1 dimension):
AN EXACTLY SOLVABLE PROBLEM IN ANY DEGREE

by an exact WKB method (cf. Balian-Bloch, Zinn-Justin, Sibuya):
e semiclassical analysis using zeta-regularization

e exact Bohr-Sommerfeld quantization conditions of the form
YE)=k+5 =  E,

selfconsistent (~ Bethe Ansatz).
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Notations : U= (v1,-,0n_1)

e Conjugate equations:

V[ﬂ(q) def e ity V(efi&p/2 q>’ )\[Z} def o—ile )

of 4
for ¢=0,1,---,L—1 (mod L) with (Pd:fN—:—TZ

N + 2 generically

Number of distinct conjugates : L =

N
) +1 for even polynomials V (q)
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e [J — +o00 expansions:

d 1 1
Classical action: ]{ Pea b EY, |pn o (growth order)

2+ V(g)=E) 27 2 N

Semiclassical quantization condition (Bohr-Sommerfeld expansion):

1 1 2
ZbaEkaN/f+§ for integer k — 400 <04:u, b= 3 M—N,~-~>

Y
e (Generalized) spectral zeta functions
+ : Neumann
ZH(s,\) = B+ M)~ f
(s,\) k;ﬂ( e+ A) (convergent for Re s > p) _ . Dirichlet

odd
and Z=Z7"+Z" ((full): all meromorphic in s-plane, regular at s =0
e Spectral determinants (zeta-regularized)

D(\) = D\ | £2) © exp[—0,2% (5, \)]smo (5020 Goterminant)

and D= D"D~ (full determinant) : all entire functions, of order p



Two key properties of the zeta-reqularized log D (and likewise, log D¥):

e a structure formula:

1
log D(\) = lim q > log(By + )+ 5 log(Bxc +A) = ) balo¢ [1og Ex — —} :
k<K {a>0} “
counterterms

e a canonical large-\ (generalized Stirling) expansion

logD(/\)NZaa{)‘a} <OZZM7:U’_%7/~L_%7”'):

TN (@eN), AT Alogr—1), {2 Eloga

banned: — pure \" (n € N) terms, including additive constants (o< \%).
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+o0
¥a(q) ~ Ta(q) ™2 exp / M(@)dg, (g™ (V(g) + V)" (classical momentum)
q

—_————
improper action integral — (I1,(§) ~ ¢"/?).



+o0
¥a(q) ~ Ta(q) ™2 exp / M(@)dg, (g™ (V(g) + V)" (classical momentum)
q

improper action integral — (I1,(§) ~ ¢"/?).

+oo
Naive idea: = [ / (V(§) + N)Y?7#dg (convergent for Re s > p)
q s~~0
I,(s,\) (analytical continuation in s)

OK when [,(s, \) is regular at s = 0; but in general,

(V(q)+)\)1/2_5 ~ Zﬁp(s;ﬁ)q’)—Ns (p:M M—1,...) (g — +00)

27 2
P
qp+1—Ns
= I(s,A) ~ — Zp: By(s; 6)m (singular expansion)
1
= I,(s,\) has at most a simple pole at s = 0, of residue N B_1(s =0;7)];
r(3) vt o

B-1(0) = OgN—1 . z (for N # 2).

{T;)} Z]=1 ]],1+N/2 F(%_Z;\lelr‘]) 7“1!"‘7“N71!



Z(s,\)

QUANTUM

zeta function

2

Tr (—C?—qQJrV(q)jLA) B

> (Ee+ N
k

determinant

formally

D) = “I[T(A+Ey)”

D)

def

k
exp {—0sZ(s,\)|s=0}

CLABSICAL



Z(s,\)

QUANTUM

zeta function

2

Tr <—dd—q2+V(q)+)\)_

> (Ee+ N
k

determinant

formally

D) = “I[T(A+Ey)”

D)

def

k
exp {—0sZ(s,\)|s=0}

S

CLABSICAL

zeta function?



Z(s,\)

QUANTUM

zeta function

2

Tr (—j—qﬁV(q)jLA)_

> (Ee+ N
k

determinant

formally

D) = “I[T(A+Ey)”

D)

def

k
exp {—0sZ(s,\)|s=0}

S

ch(S, )\)

10
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CLABSICAL

zeta function

dgdp

o 2T

<p2+V(q) —|—)\) )

S



QUANTUM  —— —— CLASKICAL

zeta function zeta function

2

260 = T (—Sav ) Za(sd) ¥ /R Y (i)

dg? 2 2T
DI o
determinant determinant?
formally
D(\) = “];[ A+ Eg)”
D) = exp{~0,2(s,)]s=o0} Da(A) = exp {0, Za(s, M)]s=o}
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Z(s,\)

QUANTUM

CLABSICAL

zeta function

2

Tr (—d—+V(q)+A)_

dg?

Do (BN
k

determinant

formally

D) = “I[T(A+Ey)”

D(X)

def

k
exp {—0sZ(s,\)|s=0}

ch(S, )\)

Dcl()\)

Da(N)

12

zeta function

def /R dg dp <p2+V(q)+)\)_s

o 2T

[(s—1/2) [T 1/2—s
W/—oo (V(g)+A)2dg

determinant

formally
exp “ [ (V(g)+N)2dg”

exp {—0sZa (s, \)|s=0}
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log Du(\) = / (Vig) + N2 dg = 2 / g+ 2

—0o0

d

400
A og Da(n) = / (Vig) + )2 dg
an ;
&

log Dg(A) ~ CANONICAL for A — +o0

(<= devoid of pure A\ terms in large-\ expansion)

specify improper action integral completely:
e def 2 i
I\(q)dg = FP_qIo(s,\) + N(l —log2) B_1(V) ,
0

+o00
Mg = (V(g)+ N2 I(s.\) = / (V(g) + N2~ dg.
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+oo
| @ NP = —evRtar bRy (V£
+oo
/O (> +N)"?dq = —L1X\(logA —1) (N =2
Even quartic oscillator (v, A > 0 for simplicity):
+oo
/ (¢* + vg?)V2dg = _%v3/2
0
+oo
/ (¢" +vg* + N)?dg =
0
(v>2V): = v+ 2VN22VANK(k) —vE(kK)], k
(v < 2VA) : = LNV +0)K (k) — 20E(R)], K

14

w11
=357y

<’U . 2\/})1/2

U+2\/X

(2\/X _ 0)1/2 '

2)\1/4
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QUANTUM  —— —— CLASKICAL

zeta function zeta function

2

260 = T (—Sav ) Za(sd) ¥ /R Y (i)

dg? 2 27
- F(S_l/z)/+oo 1/2—
_ Er + \)"° - V(g)+N)Y2dq
determinant determinant
DA = “T] A+ E)” Dqy(\) = exp “ijOOOHA(q) dg”
k
' exp {=0,2(5, A)|s—o} L exp {=0,Zu(5, A)|s—o}
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QUANTUM  —— —— CLASKICAL

zeta function zeta function

2

Z(s,\) = Tr <_d_+v(q)+)\)_s Zul(s,\) def /degdp <p2+V(q)—|—)\)_S

dg? T
- F(S_l/z)/+oo 1/2—
_ Er + \)"° - V(g)+N)Y2dq
determinant determinant
DA = “T] A+ E)” Dqy(\) = exp “ijOOOHA(q) dg”
k
' exp {=0,2(5, A)|s—o} L exp {=0,Zu(5, A)|s—o}

WKB identities

D3 (\) = IL(0)""2 exp [," I\(q) dg
= [¢nlwks(0)

Di(\) = Oy (0)*/2 exp f0+oo T\ (q) dg
= —[\]lwks(0)
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QUANTUM  —— —— CLASKICAL

zeta function zeta function
o (@ - at [ dgdp (4 -
Z(s,\) = Tr <—d—q2+V(q)+)\) Za(s,\) /R = (p +V(q>+A)
_ —s _ [(s—1/2) ™ 1/2—s
determinant determinant
D(A) = 1;[ A+ Ey)” Da(\) = exp “ [ “T\(g)dg”
' exp {=0,2(5, A)|s—o} L exp {=0,Zu(5, A)|s—o}
basic exact WKB identities
identities
Di(\) = I0,(0)"Y2 exp [, ™ TI\(q) dg
D_()‘) = w)\(O) = [Un]wks(0)
Di(\) = Oy (0)*/2 exp f0+oo T\ (q) dg
D*(A) = —)\(0) = —[Y\lwks(0)
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¥a(0) = D™(N), Y(0) = =D ()

for the Dirichlet, resp. Neumann, spectral determinants D*()) on [0, +00).

Of course, full (translation-covariant) theorem is

a(q) = Dy (N), \(q) = -Dy; V),
for the Dirichlet, resp. Neumann, spectral determinants Dy (\) on [g, +00).

All subject to: 1, (q) = the solution recessive for ¢ — +00, canonically normalized.
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¥a(0) = D™(N), Y(0) = =D () (*)

1) Apply ~ % 4 t0 log (¥) to get (with / 4

%(0)/%(0) = Z7(17 )‘)7 3\(0)/1&3\(0) = Z+(17 A): (**)

def

using log D¥(\) = —0,Z% (5, \)s—o then [0,Z2% (5, \)s—o]’

Il
|
N
I+
—~
\'H
>
N

2) Apply /d)\ to (**) to obtain log (*), by fully controlling all integration constants.

(N =1, 2 need two differentiations, resp. integrations, in A\; N = 2 case reestablishes the Stirling
formula for 1/T°()).)
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¥a(0) = D™(N), Y(0) = =D () (*)

1) Apply * ' d ¢4 og (*) to get (with’ o 4

dA dg
¥a(0)/42(0) = Z7(1, ), YA(0)/U4(0) = ZF(1, ), (%)
Proof of (**): a trace formula (pair), for the resolvent traces Tr (—% +Vi(q) +)\);1 on [0, +00)
with %ﬁ?ﬁhﬁzs boundary conditions.
e spectral evaluation: Try = > (Ep +\) 7' = Z5(1,)\); (RHS)
¢

e Green’s function evaluation, using the known (in 1D) integral kernels of the resolvents
+ ~ ty_q k. - - ~ + def Neumann .
G (4.9) = W (W, ¥y) "¢y (min(q, §)) a(max(q, @) (q, § € [0,+00), ¥y (q) = Tiiane solution):

Try :/0 Gf(q,q) dq:W(%,%i)_l/o %i(q)%(q) dg;

now the subtraction of gy [<u3" + (V(g) + Aiy] = 0 from ¥ [~ + (V(q) + A)tha] = 0 yields
Wipn = WS, 9] hence

[e§)
0

Trs = W(en, 03) 7 W, 0a)| = =W, 6) 7 W U)o, (LHS)
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¥a(0) = D™(N), Y(0) = =D () (*)

1) Apply * o < to log (*) to get

¥a(0)/42(0) = Z7(1, ), YA0)/4(0) = Z7(1, ), (%)

using log DF(\) = —0,2% (5, \)s—o then [0,Z27 (5, \)e—o] = —ZF(1, \).

2) Apply /d/\ to (**) to obtain log (*), by fully controlling all integration constants:

log 1, (0) = log D™ ()) + const. , log[—4(0)] = log D ()\) + const. |

but log ¢y and log D*(\) have canonical (A — +00) expansions: only const. (oc A°) shift here = 0.
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- - -7 T A1), - - - - - -7 1q A e

+oo
¥a(g) ~ (g) /2 exp / I(@)dd, Tx(@)= (V(q) + 1) (classical momentum)
q

e Adjacent conjugate solution, recessive for ¢ — + e~ ¥/200

Uy(g) € ol (%2 )

e (¢ — 400 expansions of ¢, and V), fully known, e.g.:

Ua(g) ~ e g Mo exp{ > B } C= %2082 Ba()+0. Y]

{o>0}

= Wronskian explicitly evaluates (in ¢ — 400 limit):

Wi (@)Wa(g) — Th(q)Ua(g) = 21/ eloh1 (/2

e Add basic exact identities:

D¥(A) = =41(0) ) D=(A) = ¥x(0)
N\ /

—e ®/AD(N| &) De® A | EM) +etie/A Deie A | EM) D(X | £2) = 2ietieB1(0)/2

22



i i 1\ — o: o HeB_1(9)/2
e D(e P N[ EY) DOV ) — e DN | €) D(e? A | €Y) = 2ie
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et ple @\ [ MDA EL) —e WA DN | £.) D(e ¥ A | EN) = 21 etieh1(0)/2
et DN E,) DA | EFY) —e ¥ D N | LY DV | £2) = 216791 (@2
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et ple @\ [ MDA EL) —e WA DN | £.) D(e ¥ A | EN) = 21 etieh1(0)/2
et DN E,) DA | EFY) —e ¥ D N | LY DV | £2) = 216791 (@2
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T R T &Il o - R T/
- - - -/ T - - - T/

. i N — o FipB_1(7)/2
etielt (e | &) D(A| ) — e/ DA €) Dl A | ) = 2ic

i - —i i [—1] = 9{e i¥B-1(9)/2
et/ DN | Ey) D(e? X | EF) — e 9/ D(e? ) | ES)DWNED)
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- - - -/ X - - - T T R T &Il o - R -/ T

e (e N EY) DN | €2) —e A DA | £;) D(eT# A | EY)) = 2ietiP @/

et DN | £) DA ELY) — e # DA |7 D(A| £2) = 26 #0022
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- - - -/ X - - - T T R T &Il o - R -/ T

e (e N EY) DN | €2) —e A DA | £;) D(eT# A | EY)) = 2ietiP @/

et DN | £) DA ELY) — e # DA |7 D(A| £2) = 26 #0022

—i [+1]
., DEAET) L ierzeesa) <90 ar AT )
DA 7] N2
. . 1 N-=2
Qarg D(— e YE ‘ (c:_[|_+1]) — goﬂ,l(v) = 7wlk+ §+m:| for k =2n > 0
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et/ Dle e\ [ EM) DN | £2) — e ¥/ D(N| &) D(e ) | EM) = 21 etie-1D)/2

otie/4 DN &) D(ei‘p)\ | g[:l}) _ e—ip/4 D(eicp A g_[;l]) D\ |E) = 91 e ipB-1(9)/2

—i [+1]
D(e X[ &) — ol le/2eB (@) <80 def 4 )
D(etie x| €71 N +2

: 1 N-=-2
2 D(—e g | M) — u5. —— f =2 1
arg D(—e |EE) — P4 (V) = k—|—2 2N T2 ork=2n+1>0

Complete set of exact quantization conditions

even

(for all conjugate, '\ spectra 8 )

1 | . . B
¢l D(- e B €0 < tog (- | € ”)} (1) B4(0)

1 N —2

4+ structure formulae:

_ El 1 0
log DX | €Y = Jim { > log(E + ) + §log(Ejl + A)
k<K
(k5 ) -3 [Eﬂ (log B} — 1/(1)}
{a>0}

altogether define a formally complete set of fixed-point conditions

(Mi{c‘,’j[f}} = {S[f]} for some mappings M¥).
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He/A DHe TP N) DT(N\) — e WA DTN D (e7 %)) = 2i =
/D) D) = DTN DTN =21 [ =
e Exact quantization condition:
K
2Y (Ey) = k+—+§ k=0,24
1 &
2¥ (Ey) = k+=-—= k=1
( k) + 2 9 73757
K déf N_ 2
N +2
of 1 ;
S.(B) ¥ = arg(E, —e % E) (N >2)
Pm(E)

+ boundary condition

—

1
b El' ~ k+ 5

fixed-point equations M*{&.} = {£+}

for k — +o00

(mappings M7 proved globally contractive for N > 2, by A. Avila).
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a
<—d—qQ +[Vig) + )\]) Y =0
and, e.g., 1 = ¥, (q) recessive for ¢ — +00o (canonical) (A : arbitrary, input).

Restrict to half-line [¢, +00) (¢ : parameter).
Translated basic identities:

alg) = Dy (V) Wh(g) = =Dy (N)

hence 1, (q) follows by solving a parametric fixed-point problem at each ¢ independently:
—gelldy _ geld
Mq {8q,—} - {8q,—}
for the Dirichlet spectrum &, on the half-line [¢, +00).

(Likewise for ¢} (q), using the Neumann spectrum &, ,.)
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A dictionary between some 2D exactly solvable models and some 1D Schrodinger equations: e.g.,

Ordinary Differential Equations

— Integrable Models

1D Schrodinger equation with
homogeneous potential ¢

2D 6-vertex model with
twist ¢ = 7/(2M + 2)

Spectral parameter A
Degree of potential 2M
Stokes multiplier C'(\)

D=(A) = ¢ (0)

Exact quantization conditions

Spectral parameter v
Anisotropy n
Transfer matrix 7'(v)
Q(v) operator
Bethe Ansatz equations

e2mi/(2M+2) _ —2ip

— e

(transposed from Dorey—Dunning—Tateo,

The ODE/IM correspondence [hep-th/0703066])

36



e e T S

—,

- contractivity of fixed-point mapping? (Numerically OK near ¢ = 0)
- correspondence with integrable models (generalized Bethe Ansatz).

e More general problems:
- rational potentials (e.g., centrifugal term)
- all Heun equations

- higher-order equations/systems, higher-dimensional Schrédinger equations, ...
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H(v) = =d?/d¢® + ¢" + v¢™ (coupled problem) ~ v M+2) [—d2/dq2 + M+ gqN}

Ho(v) = =d?/d¢® + v¢™  (uncoupled problem) = v M+2) [—d2/dq2 + qM]

hence: relate det™(H(v) +A) to det™(Hy+ ) forv — 400 & g— 0" 7
g — 0: a most singular limit! E.g., in exact quantization condition

1 N -2
2argD( _R"/\ ‘ g[+1]) (,05_1(17):7T|:k+§+m:| fOI‘k’ZQ’n,

e the degree, hence the angle ¢ as well, jump (N — M);
e the anomaly type, hence 5_;(?) as well, may jump (e.g., N — A for ¢° + gq¢*).

Main theoretical estimate

deta(H@w)+X) 172, o .
detcl(ﬁo(v)+)\)] det=(Hy(v) + )

det™(H(v) + \) ~ [

Practical implication

There only remains to compute two improper actions,

+00 +oo
<% logdeta(H(v) + ) = ) /0 II\(q,v / N g™ + \)Y2dg  (coupled),
~ +oo oo
<% log deta (Ho(v) + A) = ) / o (g, v / (vg" + A)*dg (uncoupled).
0 0
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Binomial I1(q)* = ug¢™ + vg"

e Exact evaluation of improper action integral:

P(Q(%j]@))r(_%) M+2 N+2

T2(N-M) 2(N-M)
(N —M)T(-1/2)

—+o0
/ (ug™ +vg™)/? dg =
0

N +2

when the RHS factor is finite, i.e., in Normal case: SN 1) ¢ N.

Trinomial TI(¢)* = ¢" + vg" + X
e Asymptotic evaluation of improper action integral for v — 4oc0:

400 o0 2
/ (0" + 0g™ + )2 dg ~ / (¢ + vg™)2 dg (= Crar v N])
0 0

oo RPas M # 2
v M A 1/2d — C, v
+/0 (va ™+ )7 dg M{v%m—logA) M =2

-+ (5]\,[72 X (CK] )\Ufé(logv + 2 lOg 2)) .

e Exactly computable case: N =4 (in complete elliptic integrals, k¥ = modulus)

“+o0o
/ (¢" +vg* + N)?dg =
0

LA[2VR + 0)K(F) — 20B(R)], ;;:W;—j/g)“ (0 < 2V

Ho+ 2V PRVAK (D) —vEW), k= (LZ2A)T oz 2V

~ =102 00 logu 4+ 0012 — 2 M7 2 [log(A/v?) — 4log2 — 1].

39



det(—d?/dq¢® + ¢™ + g¢" — E)

~ g_mﬁfl(()) % [A]
det(—d2/dq2 +gM — E)

+oo
exp 2/ (qN —I—UqM)1/2 dg x
0

S logg — Nlog?2] B}
eXP{A[,zN_Q[ogg 0g 2]
(with ;7 (" + vg™)/2 dq oc g=(M1+2)/2N=01),
Basic example: N =4, M =2
d’ 2 4 2 1 42 ,
det(—d—qQ +q +9q9 — E) ~ €xXp {—@ + [5 log g — QIOgQ]E} det(—d—q2 +q° — E)
2P2\2m/T(L(1 - E))
N~ T —logg—210g2] —l[log2+w 11-F }
; Ek:(g) . ) 2 2 (2( ))
def s 1
Zy(1) = Z Ei(g) ~ —3logg+ 3(7+5log2) (g — 07).
k=0
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